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a b s t r a c t 

Optical tweezers, tools based on strongly focused light, enable optical trapping, manipulation, and char- 

acterisation of a wide range of microscopic and nanoscopic materials. In the limiting cases of spherical 

particles either much smaller or much larger than the trapping wavelength, the force in optical tweezers 

separates into a conservative gradient force, which is proportional to the light intensity gradient and re- 

sponsible for trapping, and a non-conservative scattering force, which is proportional to the light intensity 

and is generally detrimental for trapping, but fundamental for optical manipulation and laser cooling. For 

non-spherical particles or at intermediate (meso)scales, the situation is more complex and this traditional 

identification of gradient and scattering force is more elusive. Moreover, shape and composition can have 

dramatic consequences for optically trapped particle dynamics. Here, after an introduction to the theory 

and practice of optical forces with a focus on the role of shape and composition, we give an overview 

of some recent applications to biology, nanotechnology, spectroscopy, stochastic thermodynamics, critical 

Casimir forces, and active matter. 

© 2018 Elsevier Ltd. All rights reserved. 
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. Introduction 

Mechanical effects of light are known since Kepler’s explanation

f comets tail [1] . The advent of the laser has brought to novel

oncepts and applications of optical forces yielding a real scientific

evolution [2–4] . Optical tweezers [5] (OT), in their simplest config-

ration, are instruments based on a tightly focused laser beam that

s capable to trap and manipulate a wide range of particles in its

ocal spot [6] . Since their first demonstration in 1986 by Sir Ashkin

t al. [5] , they have become a key technique for the trapping, ma-

ipulation, and characterisation of atoms [7] , microscopic [8,9] and

anoscopic particles [10] , as well as biomolecules, viruses, bacteria

nd cells [11–13] . When used as a force transducer, optical tweez-

rs are able to measure forces in the femtonewton range [6,10] . The

oncept of photonic force microscopy has been also developed by

canning a trapped particle over surfaces in a liquid environment
∗ Corresponding authors. 
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nd sensing the force interaction between trapped probe and sur-

ace [14,15] . 

Despite the tremendous progress in optical trapping techniques,

he development of an accurate theoretical modeling for optical

weezers has been slower and often based on approximations [6] .

n the limiting cases of spherical particles either much smaller

 dipole approximation ) [16] or much larger ( ray optics approxima-

ion ) [17] than the trapping wavelength, the force in optical tweez-

rs separates into two different contributions: a conservative gra-

ient force , proportional to the light intensity gradient, responsible

or trapping, that can be related to an effective potential, and a

on-conservative scattering force , that has a dissipative nature, can-

ot be related to an effective potential, is proportional to the light

ntensity and is generally detrimental for trapping, but fundamen-

al for optical manipulation and laser cooling [6,10] . However, for

on-spherical particles or at intermediate (meso) scales, the situ-

tion is more complex and this traditional identification of gradi-

nt and scattering force is more elusive [18] . Moreover, shape and

omposition can have dramatic consequences for the dynamics of

ptically trapped particles [10,19–21] . 
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Here, we first give a review on the theory of optical forces and

optical trapping with a focus on modeling optical tweezers with

T-matrix methods. Then we discuss some of the most common ex-

perimental implementation and methods for optical force calibra-

tion. Finally, we discuss a selection of recent applications in biol-

ogy, nanotechnology, spectroscopy, critical Casimir forces, stochas-

tic thermodynamics, and active matter. 

2. Optical forces and optical tweezers 

Optical trapping of particles is a consequence of the radiation

force that stems from the conservation of electromagnetic mo-

mentum upon scattering [6,22] . Historically, the theoretical under-

standing of this physical process has been investigated through the

use of suitable approximations that depend on the size of the par-

ticle with respect to the light wavelength [4] . While calculations

based on a full electromagnetic theory and the integration of the

Maxwell stress tensor [6] can be rather complex and computa-

tionally intensive, exploiting approximations can be an advantage,

e.g., when combining optical force modeling with stochastic simu-

lations [23,24] . 

For calculating optical forces acting on spherical or quasi-

spherical particles, it is customary to identify several regimes

which depend on the particle size [6] . For each regime, simplifica-

tions and approximations have been made for a better and more

quantitative understanding and calculation of optical forces. The

size parameter , x = k m 

a, is crucially used to determine the range of

validity of these approximations, where k m 

= 2 πn m 

/λ0 is the light

wavenumber in the medium surrounding the particle, a is the par-

ticle radius, λ0 is the laser wavelength in vacuum used for trapping

and n m 

is the refractive index of the surrounding dielectric, non-

magnetic, non-absorbing medium. When the particle size is much

bigger than the wavelength of the laser beam, that is x � 1, optical

trapping forces can be calculated with the ray optics approximation

[25] . The accuracy of this approximation increases with the size

parameter, whereas electromagnetic scattering theories might be-

come unpractical due to increasing computational complexity. This

makes ray optics very useful when dealing with large particles.

However, we note that ray optics is approximate by definition as

it ignores the information on the phase of the incident electro-

magnetic wave and all related interference effects [26] . Thus, the

lower size limit of validity is often dependent on the computed

quantity [27–29] . If the size of the particle is much smaller than

λ0 ( x � 1), we can adopt the dipole approximation and consider the

particle as a dipole [16,30,31] . This means we are considering the

electromagnetic fields homogeneous inside the particle under the

condition | n p / n m 

| x � 1, where n p is the refractive index of the par-

ticle. This condition has to be considered with care when dealing

with high refractive index dielectric particles (e.g., silicon) or no-

ble metal (e.g., gold, silver) nanoparticles, where the presence of

plasmonic resonances dominate the optical response [32] . In the

intermediate regime, that is when the particle size is compara-

ble with the light wavelength ( x � 1) or for highly non-spherical

or non-homogeneous particles, we need a complete wave-optical

modeling of the particle-light interaction to calculate the trapping

forces and different methods can be considered [6] . 

2.1. Ray optics 

In the ray optics regime [17] the optical field is described by

considering it as a collection of N light rays and employing the

tools of geometrical optics [6] . Each ray carries with it a portion of

the incident power, P i , so that the total power is P i = N 

∑ 

m 

P (m ) 
i 

,

and a linear momentum per second n m 

P (m ) 
i 

/c. When a ray im-

pinges on a surface with an incident angle θ , it will be partly
i 
eflected and partly transmitted with a transmitted angle θ t , ac-

ording to the Snell’s law [33] . As a consequence of energy con-

ervation, the power is split between the reflected and transmit-

ed part of the ray following Fresnel coefficients [23] . Moreover, at

ach scattering event, the ray changes its direction and hence its

omentum change causes a reaction force on the center of mass

f the particle. Most of the power carried by the incident ray is de-

ivered to the transmitted ray that travels inside the particle until

t impinges on the opposite surface. Here it will be reflected and

ransmitted again and a large portion of the power will be trans-

itted outside the sphere. The process will continue until all light

scapes from the sphere. 

In general, if more than one ray interacts with a particle, the

otal force is given by the sum of the forces generated by the re-

ection and refraction of each ray. For simplicity we consider in

he following a highly focused laser beam impinging on a spheri-

al particle. To calculate the optical force of the focused beam, we

odel it as a set of many rays that converge at a very large an-

le in the focal spot. Thus, we need to sum up all force contribu-

ions, F (m ) 
ray , associated to the reflection and transmission of each

 th ray with power P (m ) 
i 

in the direction 

ˆ r (m ) 
i 

forming the beam.

hus, the total force acting on the centre of mass of the sphere is

 GO = 

∑ 

m 

F (m ) 
ray , and more explicitly [6,23] : 

 GO = 

∑ 

m 

[ 

n m 

P (m ) 
i 

c 
ˆ r (m ) 

i 
− n m 

P (m ) 
r 

c 
ˆ r (m ) 

r , 0 
−

+ ∞ ∑ 

j=1 

n p P 
(m ) 
t , j 

c 
ˆ r (m ) 

t , j 

] 

. (1)

here ˆ r (m ) 
r , 0 

, P (m ) 
r and 

ˆ r (m ) 
t , j 

, P (m ) 
t , j 

are the unit vector and power in

he direction of the reflected 0-ray and the transmitted j th ones,

espectively. Each optical force, associated with the m th ray, has

omponents only in the incidence plane and can be split in two

erpendicular components (note that this is valid only for spheres).

he component in the direction of the incoming ray represents the

cattering force that pushes the particle away from the center of

he trap. The component perpendicular to the incoming ray is the

radient force, that pulls the particle towards the optical axis when

 m 

< n p . Instead, if n m 

> n p the particle is pushed away from the

igh intensity focal region and different optical trapping strate-

ies must be used [34] . It is often useful to define the dimen-

ionless quantities (trapping efficiencies) obtained dividing these

orce components by n m 

P (m ) 
i 

/c, that quantify how efficiently the

omentum is transferred from the ray to the particle. 

For a single-beam optical tweezers, the focused rays will gen-

rate a restoring force proportional to the particle’s displacement

rom an equilibrium point, that is for small displacements opti-

al trapping can be modeled as an harmonic response. Due to the

cattering force, the particle is displaced away from the focal point

o an equilibrium position C eq = [ x eq , y eq , z eq ] . Thus, for small dis-

lacements optical trapping forces are approximated as Hookean

estoring forces, i.e., F x ≈ −κx (x − x eq ) , that can be related to an

ffective harmonic potential with trap stiffnesses κx , κy and κz . 

A ray optics approach can be employed to study more complex

article shapes as long as the characteristic particle dimensions are

uch larger than the wavelength. For non-spherical particles two

ain differences occur. First, an optical torque can be generated

rom the difference between the angular momentum carried by the

ncoming rays and the outgoing rays with respect to the particle

enter-of-mass [6] . This shape-dependent optical torque can yield

lignment [35] or rotation [36] of the particle. The second differ-

nce is the occurrence of a transverse component of the radiation

ressure, i.e., a set of parallel rays on a non-spherical particle can

roduce a force transverse to the incident light propagation direc-

ion, yielding an optical lift effect [37] . 
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.2. Dipole approximation 

When the particle size parameter is small, x � 1, optical trap-

ing forces can be calculated exploiting a dipole approximation,

.e., the particle can be approximated as a small induced dipole im-

ersed in an electromagnetic field E ( r , t ), which can be considered

omogeneous inside the particle ( x | n p / n m 

| � 1) [30] . An induced

ipole is thus generated and experiences electrostatic forces arising

rom its interaction with the inducing electric field. Consequently,

n oscillating electromagnetic field, such as that of the laser beam

sed for an optical tweezers, induces an oscillating dipole, which

lso experiences forces arising from its interaction with the induc-

ng electromagnetic field. Furthermore, an oscillating dipole radi-

tes an electromagnetic field that can produce a mechanical effect

n other induced dipoles leading to, in some cases, optical binding

38] . 

This picture can be extended to a small particle, so that if the

xternal field is not too large, the induced dipole moment, p ( r ,

 ), can be expressed in terms of a linear complex polarisability,

p , with respect to the surrounding medium, given by Draine and

oodman [39] : 

p = α0 

(
1 − i 

k 3 m 

α0 

6 πε m 

)−1 

(2) 

ith εm 

dielectric permittivity of the medium and α0 

eing the static Clausius–Mossotti polarisability, α0 =
 V ε m 

(
ε p − ε m 

)
/ 
(
ε p + 2 ε m 

)
, where V is the particle volume

nd εp the dielectric permittivity of the particle. 

The polarisability in the dipole regime is linked to the cross-

ections. In fact, the light-particle interaction, including optical

orces, can be described in terms of extinction, σ ext , scattering,

scat , and absorption, σabs = σext − σscat . For a small particle of po-

arisability αp , we can write the extinction and scattering cross-

ections as [6] : 

ext , d = 

k m 

ε m 

�{ αp } , σscat , d = 

k 4 m 

6 πε 2 m 

| αp | 2 . (3)

Thus, we can consider the time-averaged optical force experi-

nced by a small particle when illuminated by a time-varying elec-

romagnetic field [16,31,40] : 

 F 〉 DA = 

1 

2 


 

{ ∑ 

i 

αp E i ∇E ∗i 

} 

. (4)

here E i are the electric field components. Starting from this ex-

ression, one can explicitly write the optical force in terms of ex-

inction cross-section and particle’s polarisability [16,31,40–42] : 

 F 〉 DA = 

1 

2 

n m 

cε m 


 { αp } ∇I(r ) + 

n m 

c 
σext 〈 S 〉 − 1 

2 

cn m 

σext ∇ × 〈 s 〉 , (5)

here I(r ) = 

1 
2 n m 

c| E (r ) | 2 is the intensity of the electric field, 〈 S 〉 =
1 
2 
{ E × H 

∗} is the time-averaged Poynting vector of the incoming

ave and 〈 s 〉 = i ε m 

2 ω E × E 

∗ is the time-averaged spin angular mo-

entum density [40–42] . 

The first term in Eq. (5) represents the gradient force and is re-

ponsible for particle confinement in optical tweezers. Arising from

he potential energy of a dipole immersed in the electric field, it

s conservative. Particles with a positive 
 { αp } will be attracted

oward the high intensity region of the optical field. Conversely,

hen the real part of the polarisability is negative the particles

re repelled by the high intensity region. As an example, for an

ncident paraxial laser beam with a typical Gaussian intensity pro-

le which propagates along the z axis, the trap stiffnesses κG, ρ in

he polarisation plane and κG, z along the direction of propagation
elated to the gradient force are [43] : 

G ,ρ = 2 


 { αp } 
cn m 

I 0 

w 

2 
0 

, κG ,z = 


 { αp } 
cn m 

I 0 

z 2 
0 

. (6) 

here I 0 is the maximum intensity at the center of the beam, w 0 

s the Gaussian beam waist, and z 0 is the beam Rayleigh range [6] .

The second term in Eq. (5) is the scattering force. It is respon-

ible for the radiation pressure and is non-conservative. Further-

ore, it is directed along the propagation direction of the laser

eam [3] . The last term in Eq. (5) is a spin-dependent force [40,41] .

his term is also non-conservative and dependent on the extinc-

ion cross-section. It can be generated by polarisation gradients in

he electromagnetic field, but usually does not play a major role in

ptical trapping because it is either zero or very small compared

o the other contributions. However, it may play a more signif-

cant role when considering optical trapping with optical beams

f higher order with inhomogeneous polarisation patterns such as

ylindrical vector beams [44–46] or superpositions of circularly po-

arised Hermite–Gauss beams [47] . Note that the time-averaged

oynting vector can be decomposed into the sum of an orbital and

pin momentum density [48] and hence the non-conservative opti-

al forces are related to the orbital component of the field momen-

um directed as the local wavevector [40,49] . Thus, spin-dependent

ptical forces occur when the Poynting vector is not directed as the

ocal wavevector and a transverse spin-dependent force component

ccurs [50,51] . 

.3. Electromagnetic theory and modeling 

Particles illuminated by a radiation field experience a radiation

orce F rad and torque �rad , which contribute to determining their

ynamical behaviour. Since the interaction between radiation and

atter is regulated by conservation laws, it is possible to derive

 rad and �rad using the conservation of linear and angular momen-

um. So, the time-averaged optical force and torque exerted by a

onochromatic light on a particle are [22,52–54] : 

 rad = 

∮ 
S 

ˆ n · 〈 T M 

〉 d S , �rad = −
∮ 

S 

(〈 T M 

〉 × r ) · ˆ n d S, (7)

here the integration is carried out over the surface S surrounding

he scattering particle, ˆ n is the outward normal unit vector, r is

he vector position, and 〈 T M 

〉 is the averaged Maxwell stress ten-

or which describes the mechanical interaction of light with mat-

er [55] . The general expression of the Maxwell stress tensor in a

edium in the Minkowski form [6] can be simplified since we con-

ider always harmonic fields, at angular frequency ω in a homoge-

eous, linear, and non-dispersive medium. In fact, writing the real

hysical fields, e.g., E (r , t) = 
 

{
E (r ) e −iωt 

}
, in terms of the complex

mplitudes, e.g., E = E (r ) , the averaged Maxwell stress tensor sim-

lifies as [6,18] : 

 T M 

〉 = 

ε m 

2 


 

{
E � E 

∗ + 

c 2 

n 

2 
m 

B � B 

∗ − 1 

2 

(
| E | 2 + 

c 2 

n 

2 
m 

| B | 2 
)

I 

}
, (8)

here the fields, E = E i + E s and B = B i + B s , are the total electric

nd magnetic fields, superposition of the incident ( E i , B i ) and scat-

ered ( E s , B s ) fields and I is the dyadic unit. 

Several techniques have been proposed for computing electro-

agnetic scattering by non spherical particles and actually there

s no single universal method that provides the best results in all

ases. Depending on the specific particle parameters, one particu-

ar technique may prove to be the most appropriate in terms of

fficiency, accuracy, and applicability [26] . While a comprehensive

verview of numerical methods for optical tweezers it is beyond

he scope of this work, some cover of the topic can be found else-

here [56–59] . Here we give a very brief description of some com-

on computational methods that have been applied to the model-



134 P. Polimeno et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 218 (2018) 131–150 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

t  

T  

t  

e  

c  

j

E  

w  

t  

(  

I  

i  

H  

h

E  

w  

d  

f  

t  

p  

b  

t

 

i  

g  

e  

T  

b  

e  

t  

i  

t  

c  

fi

A  

 

p  

c  

t  

a

 

d  

fi  

b

 

t  

l  

t  

t

F

 

w  

t  
ing of optical trapping of irregular shaped particles, such as dis-

crete dipole approximation [60,61] (DDA), finite-difference time-

domain [62,63] (FDTD), and we focus our attention to transition

(T-)matrix [64] methods with some notes on the connection with

generalised Lorenz-Mie theories [65] (GLMTs). 

The DDA is a finite element method originally devised by Pur-

cell and Pennypacker [66] and later improved by Draine and Flatau

[67] . In the DDA method, a particle is split into a series of dipoles,

each of which interacts with the incident electromagnetic wave

and with the electromagnetic waves re-radiated by all the other

dipoles [60,61] . DDA methods have been applied successfully to

optical tweezers modeling of both single-beam optical trapping of

non-spherical particles [68] and holographic multiple trapping of

complex shaped structures [69,70] . The FDTD, instead, is based on

the numerical integration of the Maxwell equations in the time

domain [62,63] . The electric and magnetic fields are sampled at

discrete times and positions and, therefore, do not assume a har-

monic time-dependence. Applications of FDTD to optical trapping

problems have been explored for single-beam [71] and holographic

[72] optical tweezers. More recently, finite elements methods have

been also used to model optical trapping by near-field and plas-

monic structures [73,74] . The DDA and FTDT methods, although

more computationally intensive than T-matrix or GLMT, can be

readily applied to particles of any shape and composition, and to

any light field configuration. 

T-matrix [64] methods have been widely used in optical tweez-

ers modeling. They are particularly suitable to describe optical

trapping of composite and arbitrary-shaped particles. Such ap-

proach provides a compact formalism based on the multipole ex-

pansion of the fields suitable for dealing with scatterers of (almost)

arbitrary morphology [22,26] , e.g., aggregates of spheres or clus-

ters [18,19,75,76] , plasmonic particles [77–79] , stratified spheres

[80,81] , and spheres with internal aggregation (spheres within

spheres) [22,82] . The T-matrix approach has been widely used

for rigorously computing electromagnetic scattering by single and

composite particles. It yields a procedure computationally less in-

tensive than those required by finite elements methods. More-

over, the transformation properties [26,75,83–85] under rotation

and translation of the T-matrix make it possible several simplifica-

tions in optical force calculations as it requires the T-matrix to be

computed only once, with respect to the particle reference frame

thus saving much computational time. 

For spherical particles, accurate modeling of optical tweezers

can be obtained by generalising Mie theory [86] through the so-

called generalised Lorenz–Mie theories (GLMTs). In this approach a

generic laser beam is expanded on a base of functions, e.g., vec-

tor spherical harmonics, and the scattering problem is solved for

spheres, so that separation of variables can be used to get the ex-

pansion coefficients of the scattered fields [65,87] . The precise con-

nection between the T-matrix formulation and GLMTs can be found

in [88] , while a description of the use of GLMTs for calculations in

optical tweezers can be found, e.g., in [89–93] . 

2.4. T-matrix methods 

In order to calculate radiation forces and torques acting on an

optically trapped particle through Eq. (7) , we give as an example a

description of a T-matrix approach [18] . For simplicity we consider

a generic non-magnetic ( μ = 1 ) particle with refractive index n p in

a medium of refractive index n m 

illuminated by an incident field

E i ( r ) (the case μ � = 1 can be treated considering the corresponding

multipole expansion of the magnetic fields). The scattered elec-

tric field is E s ( r ), so that the total electric field outside the par-

ticle is E (r ) = E i (r ) + E s (r ) , while inside the particle is E p ( r ). The

key point of T-matrix methods is the expansion of the fields into

a basis of vector spherical harmonics and the consequent applica-
ion of the boundary conditions across the particle surface [22,26] .

he incident, E i ( r ), and internal, E p ( r ), fields have to be regular at

he origin (fixed inside the scattering particle). Thus, they can be

xpanded in J -multipoles that are a combination of vector spheri-

al harmonics whose radial function is a spherical Bessel function,

 l ( kr ), ensuring the finiteness at the origin [6,22] , e.g.: 

 i (r, ̂  r ) = E 0 
∑ 

p=1 , 2 

∑ 

lm 

W 

(p) 
i ,lm 

J (p) 
lm 

(kr, ̂  r ) . (9)

here E 0 is the field amplitude, W 

(p) 
i ,lm 

are expansion coefficients,

he label p is referred to the multipolar components of magnetic

 p = 1 ) and electric ( p = 2 ) nature and it is linked with parity [83] .

n analogy to the incident and internal fields, the scattered wave

s expanded in H -multipoles, whose radial function is a spherical

ankel function, h l ( kr ), of the first kind because the scattered field

as to satisfy the radiation condition at infinity [94] : 

 s (r, ̂  r ) = E 0 
∑ 

p=1 , 2 

∑ 

lm 

A 

(p) 
s ,lm 

H 

(p) 
lm 

(k m 

r, ̂  r ) , (10)

here A 

(p) 
s ,lm 

are the amplitudes of the scattered fields which are

etermined by imposing the boundary conditions across the sur-

ace of the particle. In general, they depend on the orientation of

he scattering particle with respect to the incident field. The multi-

ole expansion of the normalized scattering amplitude is obtained

y taking the limit of the H -multipole fields for kr → ∞ from which

he asymptotic form of the scattered field is obtained [22] . 

The T-matrix of the scattering particle is the operator that, act-

ng on the known multipole amplitudes of the incident field W 

(p) 
i ,lm 

,

ives the amplitudes of the scattered field, A 

(p) 
s ,lm 

. Because of the lin-

arity of Maxwell’s equations and of the boundary conditions, the

-matrix is a linear operator, T , so that E s = T E i . Consequently, if

oth E i and E s are expanded on suitable bases, T relates the co-

fficients of such expansions, encompassing all the information on

he morphology and orientation of the particle with respect to the

ncident field [64] . The transition matrix T = { T (p ′ p) 
l ′ m 

′ lm 

} of the scat-

ering particle acts on the known multipole amplitudes of the in-

ident field W 

(p) 
i ,lm 

to give the unknown amplitudes of the scattered

eld A 

(p ′ ) 
s ,l ′ m 

′ , i.e., 

 

(p ′ ) 
s ,ηl ′ m 

′ = 

∑ 

plm 

T (p ′ p) 
l ′ m 

′ lm 

W 

(p) 
i ,ηlm 

. (11)

The quantities T 
(p ′ p) 

l ′ m 

′ lm 

take into account the morphology of the

article, but are independent of the state of polarisation of the in-

ident field. Therefore, Eq. (11) holds true whatever the polarisa-

ion and it relates the basis-polarised amplitudes of the incident

nd of the scattered field. 

The special case of a homogeneous sphere (Mie theory) of ra-

ius a yield a diagonal T-matrix, independent of m , whose coef-

cients are linked to the Mie coefficients, a l = −A 

(2) 
s ,lm 

/W 

(2) 
i ,lm 

and

 l = −A 

(1) 
s ,lm 

/W 

(1) 
i ,lm 

[22] . 

By substituting the expansions of the incident Eq. (9) and scat-

ered waves Eq. (10) in terms of multipoles taken in the asymptotic

imit ( r → ∞ ), the general expression for the radiation force along

he direction of a unit vector ˆ u , i.e., F rad ( ̂  u ) = F rad · ˆ u can be ob-

ained [18] : 

 rad ( ̂  u ) 

= −ε m 

E 2 0 

2 k 2 m 


 

{ ∑ 

plm 

∑ 

p ′ l ′ m 

′ 
i l −l ′ I (pp ′ ) 

l ml ′ m 

′ ( ̂  u ) 
[ 

A 

(p) ∗
s ,lm 

A 

(p ′ ) 
s ,l ′ m 

′ + W 

(p) ∗
i ,lm 

A 

(p ′ ) 
s ,l ′ m 

′ 

] } 

, 

(12)

here the integrals I 
(pp ′ ) 
l ml ′ m 

′ ( ̂  u ) can be expressed in closed form in

erms of spherical harmonics [18] . Note how the force expressed
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t  

t  
y Eq. (12) can be separated into two parts related to extinction

nd scattering terms, F rad ( ̂  u ) = F ext ( ̂  u ) − F scat ( ̂  u ) , where: 

 ext ( ̂  u ) = −ε m 

E 2 0 

2 k 2 m 


 

{ ∑ 

plm 

∑ 

p ′ l ′ m 

′ 
W 

(p) ∗
i ,lm 

A 

(p ′ ) 
s ,l ′ m 

′ i 
l −l ′ I (pp ′ ) 

l ml ′ m 

′ ( ̂  u ) 

} 

(13)

nd 

 scat ( ̂  u ) = 

ε m 

E 2 0 

2 k 2 m 


 

{ ∑ 

plm 

∑ 

p ′ l ′ m 

′ 
A 

(p) ∗
s ,lm 

A 

(p ′ ) 
s ,l ′ m 

′ i 
l −l ′ I (pp ′ ) 

l ml ′ m 

′ ( ̂  u ) 

} 

. (14)

 ext ( ̂  u ) depends both on A 

(p) 
s ,lm 

and on the amplitudes W 

(p) 
i ,lm 

of the

ncident field, while F scat ( ̂  u ) depends on the amplitudes A 

(p) 
s ,lm 

of

he scattered field only. The subscript are used since this depen-

ence is analogous to that on the extinction and scattering cross

ections for the force exerted by a plane wave on a sphere [52] .

n fact, the generic expressions for the radiation force are valid for

ny scatterer and for any direction of the incident field. In the par-

icular case of a linearly polarised plane wave that impinges on a

pherical particle, the radiation force is simplified as [52] : 

 rad = 

n m 

c 
I 0 

[
σext ̂

 k i −
∮ 
�

d σscat 

d�
ˆ r d�

]
, (15) 

n which σ ext and d σ scat /d � are the extinction and differential

ross-sections, respectively, that can be expressed in terms of Mie

oefficients [6] , I 0 is the intensity and 

ˆ k i is the propagation direc-

ion of the incident plane wave. 

A similar procedure can be followed for the expression of

he torque that can be split into extinction and scattering terms

95,96] . Thus, for the axial z -component, rad ,z = �rad · ˆ z = ext ,z −
scat ,z ., we have that: 

rad ,z = −ε m 

E 2 0 

2 k 3 m 

∑ 

plm 

m R 

{
W 

( p ) 
i , lm 

A 

( p ) ∗
s , lm 

}
︸ ︷︷ ︸ 

extinction 

− ε m 

E 2 0 

2 k 3 m 

∑ 

plm 

m 

∣∣A 

( p ) 
s , lm 

∣∣2 

︸ ︷︷ ︸ 
scattering 

, (16) 

here we have explicitly distinguished the extinction and scat-

ering contributions. This relation obtained by Borghese et al.

95,96] is a generalisation of the result obtained by Marston and

richton [97] for a spherical particle illuminated by a circularly po-

arised plane wave, for which the longitudinal component of the

orque is simply proportional to the absorption cross section, σ abs :

rad ,z = ± I 0 
ω 

(σext − σscat ) = ± I 0 
ω 

σabs , (17) 

here the ± sign is related to left-handed of right-handed helic-

ty of the incident circularly polarised light, respectively. The trans-

erse components of the radiation torque, i.e., rad ,x = �rad · ˆ x and

rad ,y = �rad · ˆ y , can be calculated in a similar way [6,95] , obtain-

ng: 

rad ,x = −ε m 

E 2 0 

4 k 3 m 

∑ 

plm 


 

{
s (−) 

lm 

W 

(p) 
i , l,m +1 

A 

(p) ∗
s , lm 

+ s (+) 
lm 

W 

(p) 
i , l,m −1 

A 

(p) ∗
s , lm 

}
︸ ︷︷ ︸ 

extinction 

− ε m 

E 2 0 

4 k 3 m 

∑ 

plm 


 

{
s (−) 

lm 

A 

(p) 
s ,l,m +1 

A 

(p) ∗
s , lm 

+ s (+) 
lm 

A 

(p) 
s ,l,m −1 

A 

(p) ∗
s , lm 

}
︸ ︷︷ ︸ 

scattering 

(18) 
i  
nd 

rad ,y = −ε m 

E 2 0 

4 k 3 m 

∑ 

plm 

� 

{
−s (−) 

lm 

W 

(p) 
i , l,m +1 

A 

(p) ∗
s , lm 

+ s (+) 
lm 

W 

(p) 
i , l,m −1 

A 

(p) ∗
s , lm 

}
︸ ︷︷ ︸ 

extinction 

− ε m 

E 2 0 

4 k 3 m 

∑ 

plm 

� 

{
−s (−) 

lm 

A 

(p) 
s ,l,m +1 

A 

(p) ∗
s , lm 

+ s (+) 
lm 

A 

(p) 
s ,l,m −1 

A 

(p) ∗
s , lm 

}
︸ ︷︷ ︸ 

scattering 

(19) 

here s (−) 
lm 

= 

√ 

(l − m )(l + 1 + m ) and s (+) 
lm 

= 

√ 

(l + m )(l + 1 − m ) . 

.5. Focused fields 

Finally, to calculate the radiation forces in an optical tweezers

e need to consider the multipole amplitudes ˜ W 

(p) 
i ,lm 

of a highly fo-

used beam. The expansion of a focused beam around the focal

oint is obtained by exploiting the angular spectrum representa-

ion [6,18,90] : 

 f (x, y, z) 

= 

ik t f e −ik t f 

2 π

∫ θmax 

0 

sin θ

∫ 2 π

0 

E ff ,t (θ, ϕ) e i [ k t ,x x + k t ,y y ] e ik t ,z z d ϕ d θ , 

(20) 

n which f is the focal length, k t is the wavenumber transmit-

ed through the objective lens, and each transmitted plane wave,

 ff, t ( θ , ϕ), can be expanded into multipoles according to Eq. (9) .

herefore, the amplitudes of the focused field are: 

˜ 
 

(p) 
i ,lm 

(P ) 

= 

ik t f e −ik t f 

2 π

∫ θmax 

0 

sin θ

∫ 2 π

0 

E i (θ, ϕ) W 

(p) 
i ,lm 

( ̂  k i , ̂  e i ) e 
i k t ·P d ϕ d θ, 

(21) 

here the centre around which the expansion is performed is con-

idered displaced by P with respect to the focal point O and the

mplitudes ˜ W 

(p) 
i ,lm 

(P ) define the focal fields and can be numerically

alculated once the characteristics of the optical system are known.

he expression for the radiation force along the direction of a unit

ector ˆ u , i.e., F rad ( ̂  u ) = F rad · ˆ u can be obtained through the knowl-

dge of the scattered amplitudes ˜ A 

(p) 
s ,lm 

related to the incident focal

elds through the particle T-matrix, Eqs. (11) . In practice, the ex-

ression of the optical force in the focal region is obtained from

he correspondent one for the plane wave, Eq. (12) , by changing

 0 W 

(p) 
i ,lm 

→ 

˜ W 

(p) 
i ,lm 

(P ) and E 0 A 

(p) 
s ,lm 

→ 

˜ A 

(p) 
s ,lm 

[18] . 

.6. Size scaling in optical trapping for spherical particles 

As application of the T-matrix approach we investigate the

ize scaling of the optical trapping for non-absorbing polystyrene

pheres. Size scaling is a paradigm of nanoscience [98] as it char-

cterises condensed matter systems for many applications in the

ost different research fields [99] . Crucial properties of materials

nd interactions change dramatically with size [100] influencing a

ide variety of technological applications [101] . The size scaling

roperties of optical forces help us understand the important fea-

ures of optical trapping in a wide size range and their comparison

ith experiments [102] . 

Polystyrene spheres are a typical sample used in optical tweez-

rs experiments since they are easily purchased in accurate spher-

cal shape and are used as size standard in microscopy tech-

iques. They are easily functionalised and are well suited for op-

ical tweezers applications in a biological environment [13] . Thus,

hey often represent the standard sample used for optical force cal-

bration in optical tweezers [6,102] . The particle refractive index is
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Fig. 1. The figures (a), (b) and (c) are maps of the focused field intensity normalized to the field entering the objective lens in the xy (a), xz (b), and yz (c) planes. We have 

considered a strongly focused field ( NA = 1 . 3 ) that is linearly polarised along x and propagates along the z direction. Therefore, in the xy plane the cylindrical symmetry of 

the intensity map is broken by the polarisation, while in xz and yz planes the shape of the field appears elongated because of the beam propagation. With this incoming field, 

in the figure (d), the trapping efficiencies ( Q x , Q y , Q z ) for a polystyrene ( n p = 1 . 57 ) sphere (radius of 300 nm) immersed in water ( n m = 1 . 33 ) are graphed in the transverse 

x, y (black and blue lines respectively) and longitudinal z (red line and dots) directions, as function of the particle displacement from the nominal paraxial focus. In (e), we 

compare the trapping efficiency along x direction for spheres of different radii: 200 nm (magenta line), 300 nm (blue line), 400 nm (green line) and 600 nm (red line). (For 

interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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n p (λ0 = 830 nm ) = 1 . 57 [103] . We fix the wavelength of the lin-

early polarised trapping laser beam at λ0 = 830 nm and we con-

sider the particles immersed in water ( n m 

= 1 . 33 ). We consider a

Gaussian laser beam focused by an ideal aplanatic lens which does

not absorb and does not produce any aberration. The numerical

aperture of the objective lens is taken as NA = 1 . 3 . 

We are interested in the exact calculation of optical forces, re-

lated trap stiffnesses, their scaling with particle size, and com-

parison with dipole approximation and ray optics calculations. We

cover a wide size range with particle radius ranging from 50 nm

up to 1.4 μm. Therefore, the size parameter range is [0 . 5 − 14 . 1]

and only at the extreme values of the considered interval ray op-

tics or dipole approximation calculations are safe to be used. This

is indeed the typical size range of optical tweezers experiments [6] .

The direction of propagation of the beam is taken along z and the

polarisation axis along x . 

A graph of the calculated strongly focused incident field inten-

sity is provided in Fig. 1 a–1 c. In these field intensity maps it is

evident how the most elongated region is along the propagation

(axial) direction, z , as expected for a focused Gaussian beam. More-

over, in the xy plane the linear polarisation of the incident beam

breaks the cylindrical symmetry in the focal plane producing a

tighter spot size along y with respect to the polarisation direction,

x . This has observable consequences also on the symmetry of the

optical trap and the transverse stiffnesses, κx and κy , particularly

when dealing with nanostructures [10,20,104] . 

Within the T-matrix approach we have computed the ( x, y, z )

components of the optical force on the points of a computational

grid employed with appropriate resolution. These components are

calculated in a micron-sized range, [ −1 . 4 μm,1.4 μm], around the

paraxial nominal focus of the beam. So, we can plot the force as

a function of particle displacement in each spatial direction, x, y,

z . The trapping position of the particle in the longitudinal ( z ) di-

rection is typically offset from the centre of the coordinate system

due to the offset of the optical scattering force. To calculate the

transverse force on the particle at the equilibrium position, the z

(longitudinal) coordinate at which the axial force vanishes must
rst be found. The force plots in the transverse directions ( x, y )

an then be calculated. It is often convenient to calculate the di-

ensionless force efficiencies along the three cartesian directions,

 i = cF i /n m 

P with i = x, y, z. In Fig. 1 d we show them as calcu-

ated for a polystyrene sphere with radius a = 300 nm. The graphs

resent a relative maximum and minimum approximately at the

article radius. As expected, it is here at these extremal points that

he greatest restoring force is exerted because these correspond to

he maximum light intensity gradient. For this particular particle

ize ( a = 300 nm) the sphere occupies approximately the entire

ocal region yielding an optimum in the trapping strength. To con-

rm this, we can study the trend of trap efficiencies as the radius

hanges, e.g., for Q x , Fig. 1 e. Indeed, for larger dimensions of the

article, the slope of the curves gets smaller around the equilib-

ium point. The reason is that for larger particles the volume of

he particle exceeds the interaction volume related with the laser

pot, and the corresponding stiffness tends to zero as the particle

adius increases. 

In proximity of the equilibrium point the optical force can be

inearized as an elastic restoring force with negative slope, e.g.,

 x ≈ −κx x for the x -direction. Thus, optical tweezers can be approx-

mated with an effective harmonic potential with spring constants

r trap stiffnesses κx , κy κz . These quantities are of crucial impor-

ance in experiments because represent quantities measured when

erforming optical tweezers calibration [105] . In order to calcu-

ate the optical trap stiffnesses, we simply get the slope of the

orce-displacement graphs at the equilibrium position, where the

orce vanishes. In Fig. 2 a–2 c we show the calculated stiffnesses as

 function of particle radius, a . 

In the three graphs, an absolute maximum is present corre-

ponding to a radius of a ≈ 300 nm. This is the radius for which

he volume of the scatterer overlaps the laser spot, optimizing the

nteraction region [27,28] . However, the peak in the axial direc-

ion, Fig. 2 c, is more depressed than in the transverse ones, see

ig. 2 a and 2 b. This is due to the shape of the focal spot shown

n Fig. 1 a–1 c, representing the maps associated with the incident

eld, which show a tighter profile in the transverse direction than
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Fig. 2. Optical trap stiffnesses, κx (a), κy (b), κ z (c), for a polystyrene ( n p = 1 . 57 ) sphere immersed in water ( n m = 1 . 33 ) in the transverse, x (a) - y (b), and longitudinal z (c) 

directions, as a function of the particle radius a . The figures (d) and (e) show, respectively the polarisation anisotropy, κpol , and trap aspect ratio, κar , as a function of a . The 

radius of the considered spheres spans in the interval [50 nm–1400 nm]. The symbols, excluding zero, are the calculated points by a T-matrix approach. 
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n the axial one, yielding a tighter effective potential and a larger

tiffness in x, y with respect to z . For size larger than the one cor-

esponding to this maximum, the scaling of the force constants fol-

ows a hyperbolic scaling behaviour, κ ∝ a −1 , this is also consistent

ith calculations in the ray optics approximation [6] , blue lines in

ig. 3 a and 3 b. Using the T-matrix approach, we can reproduce the

ull electromagnetic theory of optical forces with great precision.

n fact, when particles become larger than the interaction region,

e also find the onset of modulation in the stiffnesses caused by

he interference between the different multipoles [27,28] . An ex-

austive explanation of the interplay between the multipole in-

erference for mesoscale particles is described by Nieminen et al.

29] . In fact, the gradient force from which we obtain the trap stiff-

esses appears to be only weakly affected by this interference and

ood agreement between T-matrix and ray optics calculations is

ound for values of particle size well below the typical ray optics

alidity range ( x � 50) [27–29] . Note that this agreement is not oc-

urring for other relevant quantities such as the scattering force

here ray optics (that by definition neglects interference effects)

ails to predict its strong variation with size and it only yields an

verage value [29] . 

On the other hand, for smaller values, the behaviour of the

rap constants increases with a cubic power law, κ∝ a 3 , in agree-

ent with the volumetric scaling of the particle polarisability in

he dipole approximation. As an example, in Fig. 3 a, we compare

he scaling of the transverse stiffness, κx , calculated with the T-

atrix approach, Fig. 2 a, with what is analytically obtained by a

ipole approximation and considering a diffraction limited Gaus-

ian beam spot. In our analytical calculation, the paraxial Gaussian

eam waist w 0 is provided by the Abbe criterion [33,106] so that

 0 = 0 . 5 λ0 /NA. As shown by a logarithmic scale plot in Fig. 3 b, the

omparison between values calculated in dipole approximation and

-matrix is very good up to 200 nm. The same type of comparison

nd considerations hold for the size scaling of κy and κz . Such be-

h  
aviour has been experimentally verified by measuring trap stiff-

esses in a wide range of particle size from nano to the microscale

102] . 

Finally, in Fig. 2 d and 2 e we represent respectively the po-

arisation anisotropy, κpol ≡ 1 − κx /κy , and the aspect ratio κar ≡
(κx + κy ) /κz . These quantities are related to both laser beam (po-

arisation, propagation) and particle properties (size, shape, asym-

etry) and can be easily measured in experiments and linked to

heoretical predictions [20,102,104] . 

. Experimental practice 

An optical tweezers setup is an ideal tool to trap and manip-

late micro and nanoparticles in liquid solutions with nanome-

er accuracy and to measure and apply piconewtonian forces [14] .

xperimentally, optical trapping is achieved by focussing a laser

eam to the diffraction limit by an objective lens with a high nu-

erical aperture. For this reason optical tweezers setups are usu-

lly realized coupling a laser light source with an optical micro-

cope, where the objective is also used to image the sample on a

amera. An optical tweezers setup can be based on different kinds

f optical microscopes: normal or inverted, commercial or cus-

omized, according to user requirements and budget. Usually, cus-

omized microscopes have lower costs and a bigger flexibility com-

ared to commercial ones. Furthermore, more stable traps are ob-

ained using optical tweezers based on inverted microscopes, be-

ause the laser beam is directed upwards and gravity works in an

pposite direction to the radiation pressure. Since the realization

f the first single-beam optical tweezers in 1986 [5] , several tech-

ologies have been developed and merged with optical tweezers

o customize setups for several purposes [105] . Currently, thanks

o the new generation of digital sensors it is possible to investi-

ate phenomena having spatial and time scales not reachable until

ew years ago. Liquid crystal displays (LCDs) with high resolution

ave been employed as reflective elements in holographic optical
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Fig. 3. Optical trap stiffnesses along the x -direction for a polystyrene ( n p = 1 . 57 ) 

sphere immersed in water ( n m = 1 . 33 ) as a function of the particle radius a . The 

radius of the considered spheres spans in the interval [50 nm–1400 nm]. The black 

data are obtained using the T-matrix approach. The red line is, instead, referred 

to the dipole approximation calculations considering a diffraction limited Gaussian 

beam. While the blue line represent optical trapping calculations in the ray optics 

approximation. In (a) we show a linear scale plot, while in (b) we show the same 

data in logarithmic scale to explicitly follow the size scaling. (For interpretation of 

the references to color in this figure legend, the reader is referred to the web ver- 

sion of this article.) 
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tweezers (HOT) to shape laser beams. In doing this, it is possible

to create and move multiple traps in real time and to generate vec-

tor beams able to carry optical spin and angular momentum [108] .

Furthermore, real time tracking and feedback position systems are

now available [109] . Although there are several kinds of optical

tweezers setups, their principle of operation can be understood

by considering a standard optical tweezers setup Fig. 4 . This is a

forward-scattering setup mounted around an inverted microscope.

A laser source generates a collimated beam, which is expanded

by a telescope lens system and reflected by a dichroic mirror to

overfill the back aperture of an oil immersion objective having an

high numerical aperture. The overfilling creates the maximal opti-

cal field gradient in the focal spot for a more efficient trapping. The

dichroic mirror acts like a short pass filter, it reflects the laser light

and transmits the visible light to a camera, preventing the satura-

tion of the CMOS detector and allowing the view of the sample on

a monitor. The sample is held and moved by micrometric trans-

lational stage mounted on an inverted microscope. Forward scat-

tered light from trapped particle is collected by a condenser and

reflected by a dichroic mirror to a quadrant photo detector (QPD)

[6] . Thus, particle tracking and optical tweezers calibration can be

achieved either by video microscopy either by photonic force mi-

croscopy, i.e., by the temporal or frequency analysis of the light

scattered onto the QPD. Digital video microscopy is based on the

analysis of the images from a digital camera to track the trajecto-

ries and displacements of the imaged objects with a subpixel reso-

lution and a sampling rate depending on the camera performances

[110] . Photonic force microscopy allows to track the displacements

of a single trapped particle, using a photodetector, with a typical

spatial resolution of 0.1 nm and sampling rate above 100 kHz [111] .
.1. Optical tweezers calibration 

The main goal of calibrating an optical tweezers is to determine

heir trap stiffness κ and to measure the absolute displacements

f the trapped particles. For small displacements from the equi-

ibrium position (e.g., along x axis), the trapping potential is con-

idered to be harmonic with a Hookean restoring force F x = −κx x

nd potential energy E x = 

1 
2 κx x 

2 (we will refer only to the x com-

onent in order to shorten the notation). In doing this, once the

rap stiffness κx is known, the x component of an external force

cting on the particle can be quantified by measuring the particle

isplacement x . For spherical particles measuring these three stiff-

esses, κx , κy , κz , fully characterise the optical trap. However, this

s strictly valid for spherical particles where only translational de-

rees of freedom can be considered. For non-spherical particles op-

ical torque, polarisation, and angular fluctuations play a role and

ust be included in the calibration analysis and the reconstruc-

ion of the effective trapping potential [20,21,45,104,107,112] (see

or example Fig. 5 ). In fact, the dynamics of non-spherical par-

icles in optical traps can be very complicated due to the oc-

urrence of transverse components of the scattering force and

ptical torques [54,56] . For example elongated rod-shaped (e.g.,

anowires) or ellipsoidal particles align with the optical ( z -)axis

f the trap (see Fig. 4 ) due to the optical torque and show small

ngular thermal fluctuations about their stability axis that can be

easured together with optical aligning torques [20,104] . More-

ver, the translation-rotation coupling in non-spherical particles

an yield regular biased orbital motion that has been the subject

f recent experimental and theoretical investigations [107,113–116] .

Typical optical tweezers setups, use cameras or photo-detectors

o detect the motion of trapped particles. In both cases, their mea-

urements units (pixels and volts) are proportional, by a calibration

onstant and around the equilibrium position, to the absolute par-

icle displacement [6,117] . There are several active or passive cali-

ration protocols, but here we briefly discuss only the most com-

on passive ones as applied to spherical particles: potential anal-

sis, autocorrelation function analysis, power spectrum and mean

quare displacement analysis [6,117] . The simultaneous application

f different calibration methods is a good check to confirm their

onsistency and the quality of the acquired experimental data. Spa-

ial calibration with digital video microscopy is easier than QPD

ince it is possible to image directly reference targets having well

now dimensions to find the conversion factor pixel/μm. Once this

actor is known it is possible to proceed to the force calibration. 

Optical potential method.– Considering the Brownian motion of

 trapped particle Fig. 5 a it is possible to calculate its positional

istribution functions ρ( x ) Fig. 5 b. This can be used to determine

he profile of the trapping potential U(x ) = k B T log ρ(x ) Fig. 5 c. In

oing this, the trap stiffness κx can be obtained as fit parameter of

he potential U ( x ) Fig. 5 c. 

Autocorrelation method.– In this case the starting point of the

alibration procedure is the Langevin equation describing displace-

ent x ( t ) of an optically trapped particle in liquid solution [118–

20] : 

 

d 2 x (t) 

dt 2 
+ γ

dx (t) 

dt 
+ κx x (t) = F x (t) , (22)

here γ dx 
dt 

is the viscous damping term, κx x ( t ) is the restoring

orce term, F x ( t ) is a random fluctuating force and γ is the hydro-

ynamic viscous coefficient related to the medium viscosity η and

o the particle size and shape, which for spherical particles with

adius r becomes γ = 6 πηr, according to the Stokes law. In the

ow Reynolds number limit, applicable to microparticles suspended

n water, the system can be considered overdamped and the first

erm of Eq. (22) can be neglected when compared to the others. In

his special case, the particle motion x ( t ) can be well described by
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Fig. 4. Scheme of a typical OT setup. Trapping is achieved by a tightly focussed laser beam using a high-numerical-aperture objective lens (OBJ), which is also used to image 

the sample on a camera. The beam produced by the laser source (LS) is enlarged through a telescope lens system (lenses L1 and L2) to overfill the back aperture of the 

objective. A dichroic mirror (DM1) is used to reflect the laser light to the objective and to transmit the visible light to the camera. The sample is held and moved by a 

sample holder (SH). Inset (a) represents the real image of a SiNW optically trapped and aligned along the propagating axis of the laser beam [20,107] . When the laser is 

switched off the SiNW performs Brownian motion and its alignment is randomized. Scattered and transmitted lights are collected and overlapped by a condenser lens (C) 

and projected on a QPD by a second dichroic mirror (DM2) and a lens (L4). Signals from the QPD are analyzed by a PC in order to calculate the calibration factors and to 

reconstruct the 3D Brownian motion of the trapped sample. 
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S  
he overdamped Langevin equation: 

dx (t) 

dt 
+ ωx (t) = ξx (t) , (23)

here ξ (t) = 

F (t) 
γ . 

This equation can be properly recast to determine the analytic

xpression of C xx ( τ ), which is the autocorrelation of the displace-

ent x ( t ) [6,117] . In particular, for a spherical particle C xx ( τ ) de-

ays exponentially with a characteristic time τ dependings on the

rap spring constant κx and on the hydrodynamic drag coefficient

[121] : 

 xx (τ ) = C xx (0) exp 

(
−κx 

γ
τ

)
(24)

Since the QPD produces voltage signals V x (t) = βx x (t) propor-

ional by the position calibration factor βx to x ( t ), the autocor-

elation function of the experimental displacements can be ex-

ressed as C V xx (τ ) = 〈 V x (t) V x (t + τ ) 〉 = β2 
x C xx (τ ) , where according

o the equipartition theorem C V xx (0) = β2 
x C xx (0) = β2 

x k B T /k x and the
alibration factor βx can be expressed as: 

x = 

√ 

C V xx (0) κx 

k B T 
(25) 

The experimental autocorrelation function C V xx (τ ) can be fitted

y Eq. (24) to obtain the stiffness κx which, together with the ex-

erimental value of C V xx (0) , are employed to calculate the calibra-

ion factor βx according to the Eq. (25) . 

Power spectrum method.– The power spectral density (PSD) of

 signal, describing how its energy is distributed with frequency,

an be also employed to calibrate optical tweezers. Considering the

ourier transform of the overdamped Langeven equation Eq. (23) :

iω ̃

 x (ω) + ω x ̃  x (ω) = 

˜ ξx (ω) , (26)

here we defined ω x = κx /γ and solved for ˜ x (ω) = 

˜ ξx (ω) / (−iω +
 x ) . 

The corresponding power spectrum shows a Lorentzian profile:

 x (ω) = | ̃  x (ω ) | 2 = 

2 D 

ω 

2 + ω 

2 
x 

, (27)
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Fig. 5. Data analysis for a SiNW with a diameter of 10 nm and a length of 3.6 μm. 

(a) x component of Brownian motion. (b) Probability distribution function ρ( x ). (c) 

Potential well profile of the trap U ( x ). Red lines represents a quadratic fit, from 

which the trap stiffness κx can be calculated as fitting parameter. (For interpretation 

of the references to color in this figure legend, the reader is referred to the web 

version of this article.) 
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where the half-width of the distribution is the relaxation frequency

of the trap ω x . By fitting the power spectrum of the signal, it is

possible to obtain the corner frequency ω x as fit parameter and

hence deduce the trap spring constant κx . Also in this case the

power spectrum of the signal from a QPD is proportional to the

power spectrum of the particle fluctuation: 

S V x (ω) = β2 
x S x (ω) = β2 

x 

2 D 

ω 

2 + ω 

2 
x 

(28)

Setting ω = 0 the calibration factor βx can be expressed as: 

βx = 

√ 

S V x (0) ω 

2 
x 

2 D 

(29)

Mean square displacement.– This calibration method is based on

the analysis of the mean square displacement (MSD) of the trapped
article: a measure of the deviation of the particle position from

ts initial position in a time interval τ [117,122] : 

SD x (τ ) = 〈 [ x (t + τ ) − x (t)] 2 〉 = 2 

k B T 

κx 

[
1 − e −ω x | τ | ]. (30)

Considering this equation it is possible to notice that MSD (0) =
 , MSD( τ ) presents a transition from a linear growth correspond-

ng to a free diffusion behaviour at low short time scale ( τ � ω 

−1 
x )

o a plateau value of 2 
k B T 
κx 

for τ � ω 

−1 
x , due to the particle con-

nement at long timescales. Also in this case the MSD of the

PD signals is proportional to that of the particle displacements,

SD 

V 
x (τ ) = β2 

x MSD x ( τ ). Combining the relations above and setting

→ ∞ we get MSD 

V 
x (∞ ) = 2 β2 

x / 
k B T 
κx 

from which the calibration

actor can be calculated as: 

x = 

√ 

MSD 

V 
x (∞ ) κx 

2 k B T 
(31)

It is noteworthy that all the calibration methods used to cal-

brate optical tweezers based on photodetectors, can be also ap-

lied to camera ones, in this case instead of volt there will be pixel

nits. 

. Applications 

In this section we give an overview of some recent applications

f optical tweezers and optical forces in liquid environment. The

ontactless manipulation of particles promotes the use of OT in

 wide variety of research fields. Here, we describe a selection of

ystems where OT has enabled advances in biology, microbubbles

anipulation, chiral optomechanics, nanotechnology, optical bind-

ng, spectroscopy, critical Casimir forces, stochastic thermodynam-

cs, and active matter. 

.1. Mechanical properties of red blood cells 

Optical tweezers have numerous applications in biological sci-

nces, ranging from single molecule studies [123,124] to cell bio-

hysics [125,126] . In this section we will consider one particularly

uccessful application, namely the investigation and determination

f the mechanical and elastic properties of red blood cells (RBCs).

ery early in the history of optical tweezers Ashkin et al. showed

hat RBCs (and many other biological species) could be trapped

ithout optical damage using and infra-red laser beam [11] . Subse-

uent experiments aimed at determining mechanical properties of

BCs have used both the direct trapping method, or applied forces

o the cell indirectly using optically trapped microbeads bound to

he cell as ‘handles’. The first method has the advantage of sim-

licity of set-up and sample preparation, in the second calibration

f the applied forces is more straightforward. 

Hénon et al. attempted to determine the shear modulus of the

BC membrane by stretching cells using microbead handles in cal-

brated optical traps [127] . Experiments were performed on cells

n the native biconcave discoid shape, and cells that were osmot-

cally swollen to a spherical shape, which permitted an exact al-

ebraical solution to the deformation geometry. In both cases for

pplied forces below 15 pN a linear (with increasing force) defor-

ation of the cell was observed, producing a shear modulus of

= 2 . 5 ± 0 . 4 μN · m 

−1 . At higher applied forces the cell entered

 nonlinear deformation regime. Later, Dao et al. [128] used the

ame experimental geometry in a system capable of applying much

igher forces of up to 340 pN. These experiments were comple-

ented by computed simulations, and suggested that at high ap-

lied stress where deformations as large as 50% were observed, the

embrane shear modulus could be as high as μ = 11 . 1 μN · m 

−1 

Bronkhorst et al. showed that optical tweezers could be used to

eform a red blood cell under direct trapping using a line of three
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ptical traps to ‘fold’ the cell and observe the relaxation time [129] .

ater Liao et al. showed that RBCs could also be stretched under

irect trapping, using a single beam that jumped rapidly between

wo locations to grip the cell [130] . As the separation between

he two trap locations was increased the cell was stretched along

he line joining them. In this work the elongation of the cell was

xplained qualitatively using a two-dimensional model. Later the-

retical work accurately calculated the optical stress distribution

ver the surface of an RBC osmotically swollen to adopt a spherical

hape and its resulting deformation in the dual tweezers stretch-

ng experiment [131] . By solving for the dynamic deformation of

he RBC, that is, accounting for the change in shape and redistri-

ution of optical stress as the cell deforms towards the stretched

tate the authors could determine the membrane mechanical prop-

rties (Young’s modulus and shear modulus) before and after treat-

ent with N-ethylmaleimide, which is known to cause a decrease

n cellular deformability. This work was further refined for the RBC

n its native biconcave discoid shape [132] . When predicting the

eformation of the RBCs under optical stress it is necessary to ac-

ount for both the non-linear [133,134] and viscoelastic [135] prop-

rties of the cell. By combining optical tweezers stretching with

aman spectroscopy, Raj et al. found that at large deformation the

BC must undergo a structural transformation in order to bear the

igh load [136] . 

An alternative technique for deforming cells using optical forces

s the optical stretcher [137] . Rather than using strongly focused

aser beams as is the case in optical tweezers, the optical stretcher

mploys two weakly diverging counter-propagating beams to trap

articles. The distribution of optical stress over the surface of

he trapped object leads to elongation along the beam prop-

gation axis [137] . When complemented by deformation mod-

lling [138,139] , the optical stretcher can be used to quantify cell

echanical properties in a high throughput manner [140] as the

ells flow in a microchannel through the stretching beams rather

han being captured individually in optical tweezers. In some sit-

ations, extreme stretching can give rise to irrecoverable shape

hanges of the cell into a so-called “columnar” form [141] . 

Altered mechanical properties of RBCs has been linked with a

umber of pathological conditions [142,143] , and optical tweezers

ave been used to test several of these including malaria ( plas-

odium falciparum ) [144,145] , diabetic retinopathy [146] and bird-

hot chorioretinopathy [147] . Similarly optical tweezers have been

sed to show that the drug Atorvastatin softens the RBC mem-

rane [148] . 

.2. Microbubbles 

Optical trapping of gas microbubbles presents additional chal-

enges due to their buoyancy, and to their refractive index which

s lower than the suspending medium. Due to their low relative re-

ractive index the optical gradient force acts to repel them from the

igh intensity part of a laser beam and consequently alternative

trategies are needed for optical trapping. One possibility is to use

 Laguerre-Gaussian (LG) beam [149] whose annular intensity pro-

le provides transverse confinement of the bubble to the beam’s

ark core. In the vertical direction the position of the bubble is de-

ermined by the balance between optical forces and buoyancy, and

o the LG beam does not form a three-dimensional optical trap.

hen implemented in an upright microscope with the trapping LG

eam propagating downwards it is a form of ‘counter-levitation’.

hree-dimensional optical trapping requires the addition of a sec-

nd counter-propagating hollow beam [34] . In principle, structured

ight such as optical bottle beams [150] can be also used for three-

imensional optical trapping of microbubbles. 

A second strategy is to use a ‘time-averaged’ optical trap, cre-

ted by scanning a focussed Gaussian around the circumference of
he microbubble. If the scanning frequency is high enough, that

s, if the beam rotates around the bubble faster than it can dif-

use away then the bubble remains trapped on the axis of rota-

ion [151] . Such a trapping scheme was implemented in an upright

icroscope, and the dependence and scaling of the trapping force

n the bubble radius and radius of the trap beam scanning circle

as been investigated [152] . A theoretical analysis of the optical

orces in this configuration [153] has shown that that there is a

ufficient optical gradient force in all directions to provide a restor-

ng force on the bubble, and hence it is a true three-dimensional

ptical trap. Indeed, the axial gradient force can be enough to

onfine a microbubble in an inverted microscope optical tweez-

rs [154] . 

Microbubbles are also amenable to trapping using acoustic

elds. The combination of acoustic and optical trapping presents a

reat advantage in the differing length scales over which they op-

rate: the acoustic field may be used for long-range manipulation

efore an optical trap is used for high-resolution control of posi-

ion [155] . The optical and acoustic traps also complement each

ther as, once calibrated [156] , the optical trap may be used to

easure the acoustic forces on the bubble [157] . Such a system

ay be used to characterise an individual microbubble, and in par-

icular its acoustic response, with a view to reducing the uncer-

ainties from population averaging [158] . Further applications of

ptically trapped of microbubbles include Raman spectroscopy of

he gas enclosed by the bubble [159] , measuring the microbubble

hell thickness [160] , and positioning the bubble adjacent to cells

rior to it being irradiated by ultrasound. The cells may then be

amaged or destroyed by the oscillations and subsequent collapse

f the microbubble [161] . 

.3. Chiral optical forces 

Chirality derives from the lack of mirror symmetry of an ob-

ect. A chiral object exists in left- and right-handed version (enan-

iomers) that cannot be superimposed by translations and rota-

ions within the space where they are embedded. Also circularly

olarised light is chiral, with handedness depending on the elec-

ric field sense of rotation with respect to the propagation axis.

esides linear momentum, circularly polarised light may transfer

lso spin angular momentum [162] . Recently, several works con-

idered chirality-dependent optical forces on small particles aim-

ng at all-optical separation of enantiomers [163–165] . The op-

omechanical interaction of chiral light with mesoscopic objects

as been studied in optical tweezers, giving the opportunity to

nvestigate the transfer of spin angular momentum to birefrin-

ent particles and observe spin-dependent light-induced rotations

166–169] . Chiral optomechanics on supramolecular chiral particles

as been recently investigated on cholesteric liquid crystals (CLC)

170–174] . In particular, left-handed CLC solid microparticles have

een synthesized [175] , optically trapped, and chiral rotations ob-

erved for the corresponding left-handed circularly polarised light

176,177] . In fact, the left-handed CLC particles behave as chiral

irrors, which reflects only left-handed light, while maintaining

ts handedness [176] . On the contrary, right-handed light is trans-

itted unaffected. Due to the conservation of angular momentum,

 reaction torque is transferred from the circularly polarised trap-

ing beam to the chiral microparticle [176] . In case of microparti-

les in the low chirality regime [178] , an additional contribution to

he optical torque due to residual birefringence must be taken into

ccount to fully explain the rotation dynamics of trapped CLC par-

icles at variable degree of ellipticity of the trapping beam [177] .

he combination of chiral and optical retardance properties allows

o better control the optomechanics of these microparticles that

pen perspectives for the study of chiral optical sorting, laser trap-

ing and cooling of chiral mesoscopic particles based on the cou-
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Fig. 6. Micro-engine powered by critical demixing. An optically trapped colloidal particle, with radius a = 1 . 24 μm, immersed in a water–2.6-lutidine critical solution per- 

forms rotations around the trapping beam. The performances of the engine can be tuned by adjusting the criticality of the mixture via the ambient temperature. At low 

temperature (a), the particle is stably trapped. When the temperature increases (b), the particle starts to rotate around the optical beam (white solid lines trajectories), 

reaching its maximum value for a temperature of 26 ° (c) with a very reproducible trajectory. A further increase of the temperature results in a decrease of the engine 

rotations and performances (d, e). The white bars in (e) correspond to 1 μm. Figure adapted from Schmidt et al. [179] 
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pling of their translational and rotational degrees of freedom, and

microcavity optomechanics, by embedding at the centre of the chi-

ral microparticle a resonant nanoparticle. 

4.4. Nanotechnology applications 

During the last few decades much effort has gone into the

miniaturization of machines down to microscopic scales, often in-

spired by biological systems [180] . This miniaturization process is

crucial for the development of nanotechnology [181] and, in this

context, optical tweezers are a powerful tool to assemble micro-

and nanodevices thanks to their ability of contactless manipulation

[10,182,183] . Moreover, they are capable of applying and detecting

extremely small (femtonewton) forces and torques yielding poten-

tial for driving nanomachines [184–187] . At the nanoscale, semi-

conducting [20,21,45,104,185,188] , metal [125,189–194] , and hybrid

[78,81] colloidal particles have been trapped and manipulated

opening novel exciting possibilities for assembly, characterisation

and optical control of nanodevices and biomolecules [10] . 

Nanodevices or micro-engines need power to operate and to be

controlled. A solution to this demand can be provided by struc-

tured optical beams, carrying orbital and spin angular momentum

(SAM and OAM), generated by holographic optical tweezers (HOT)

or similar techniques [195] . In particular, microrotators and mi-

cropumps have been realized by transferring SAM and OAM to mi-

croparticles [166,176,177,196,197] . 

Another approach to power nanodevices is to emulate the

working principles of heat engines. The nucleation of vapour bub-

bles inside silicon micro-cavities has been used to realize several

microscopic heat engines with a working volume of only 0.6 mm 

3 

[198,199] . Also, a micro-particle has been employed as a piston in

an optical tweezer, realising a microscopic steam engine powered

by the periodic generation of cavitation bubbles [200] . Microscopic

versions of the Stirling and Carnot cycles have been realized using

optically trapped particles to study their stochastic thermodynamic

properties [201,202] . Recently, a microscopic engine powered by

the density fluctuations of a critical solution has also been pro-

posed [179] , where a micron-sized particle performs revolutions

around the optical beam when optically trapped in a water-2.6-

lutidine critical mixture. The work performed by this engine is ad-

justable by the power of optical trap, the temperature of the envi-

ronment and the criticality of the mixture Fig. 6 [179] . 

4.5. Optical binding 

Optical binding describes the spontaneous organisation of large

numbers of colloidal particles in an optical field that arises as a

result of multiple optical scattering [38,203,204] . It was first ob-

served by Burns et al. [205] , who demonstrated an optical binding

interaction between a pair of particles in a line-shaped focus by

showing that there existed discrete values of the particle’s separa-

tion in the transverse direction where they formed a stable bound

pair. This work was followed by the observation of a large number
f particles that ‘crystallised’ in the interference pattern formed in

he transverse plane of the intersection of a number of laser beams

206] . 

The optical binding interaction can be simply understood by

onsidering a pair of dipoles in an optical field [6] . Consider the

ase of two dipolar particles arranged parallel to the propagation

irection of a laser beam. The first dipole scatters radiation, and

he scattered field propagates in the forward direction to impinge

n the second dipole but with a fixed phase difference with the

ncident field. The net effect is to modify the magnitude of the

cattering force in the forward direction, but as the phase differ-

nce between the two fields is constant the force does not change

ign, both particles are pushed in the same direction and the first

ends to catch up with the second. Now, if we consider the fields

mpinging on the first particle, these are the incident field and the

elds that is backscattered by the second particle. The phase dif-

erence between these fields depends on the relative separation of

he particles, and hence the force between the particles oscillated

ith a change of sign with a period of half the optical wavelength.

his gives rise to the observed optical binding interaction and the

xistence of stable inter-particle separations. 

Optical binding may be realised experimentally in a num-

er of configurations. The original experiments of Burns et al.

205,206] used shaped optical fields to produce optical binding in

he transverse plane. Longitudinal optical binding can be realised

ith counter-propagating free-space beams, for example, emerging

rom a pair of optical fibres [207,208] , or with counter-propagating

vanescent fields [209,210] . The evanescent field may be gener-

ted by a weakly focusing a laser beam onto an interface at an

ngle just greater than the critical angle for total internal reflec-

ion. When the radiation pressure from this beam is balanced by

 counter-propagating beam a variety of optically bound structures

orm that depend on the optical fields configuration and the parti-

le size and optical properties [209,211] . In such experiments video

racking of the Brownian motion of the particles in the optically

ound structure provides a powerful technique for evaluating the

ptical forces and structure form and dynamics [212,213] . 

An alternative method for creating an evanescent field is to

se a waveguide with suitably small dimensions. This scheme

as first demonstrated using a channel waveguide in a planar

urface, the evanescent field of which can trap and propel mi-

ropaticles [214,215] . More recently a tapered optical fibre scheme

as been demonstrated for unidirectional transport using a sin-

le beam [216,217] , and stable trapping using counter-propagating

eams [218,219] . Tapered optical fibres are fabricated from stan-

ard fibre using a ‘heat-and-pull’ technique [220] to draw the fibre

o micron- or sub-micron dimensions, at which scale the majority

f optical power is carried in the evanescent field that extend into

he region surrounding the fibre [221] . The high degree of control

hat can be exerted over the tapering process permits selective ex-

itation of higher modes of the fibre and an extra degree of control

ver the trapping and binding [222,223] . 
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The optical binding phenomenon is not limited to dielectric par-

icles: optical binding of silver [224] and gold [225] has been ob-

erved, with a plasmonic enhancement of binding forces. Nor is it

imited to spherical particles: binding of rod-shaped particles (car-

on nanotube bundles) has also been demonstrated [10] . In this

ase, similarly to spherical particles, a variety of bound structures

s predicted to occur [226,227] . 

.6. Optical force positioning, aggregation, and spectroscopy. 

As already pointed out, the behaviour of a nanoparticle in the

ocal spot of a laser beam is controlled by the balance between

he gradient force and the radiation pressure. In ordinary trapping

easurements, the radiation pressure must be minimized, aiming

t confining the nanoparticle in the optical trap. However, sev-

ral other interesting applications can be developed by exploiting

he pushing effect of the radiation pressure. Optical force print-

ng [228–231] is one of these applications. The all-optical pattern-

ng of surfaces is allowed by single-beam trapping and subsequent

ositioning of Au colloids [228] . However, the process can be im-

roved by directly using the strong axial force acting on a plas-

onic nanosphere at resonance wavelengths, which pushes it to-

ard the substrate [229–231] . The use of radiation pressure instead

f trapping forces to guide the particle toward the substrate avoids

he constraint on the size of the plasmonic particle, which to be

rapped must be not larger than approximately 200 nm in diame-

er [77] . Moreover, by using a Spatial Light Modulator a laser beam

an be split into several beams creating an optical pattern, for

imultaneous and controlled positioning of nanoparticles on sub-

trates [229] . 

In this context, it has been shown that surface-enhanced Raman

cattering [79] (SERS)-active aggregates can be created on glass

ubstrates by optical manipulation of gold nanorods (AuNRs) in a

iquid environment [232,233] containing biomolecules. In fact, due

o their very large extinction cross-sections, these AuNRs cannot

e optically trapped with visible wavelengths [232] . However, they

an be pushed towards the sample chamber glass walls where they

ggregate and form hot-spots on which the Raman spectrum of di-

uted biomolecules can be strongly enhanced. This method com-

ines the great advantage of optical force printing with the capa-

ility of spectroscopic detection of molecules directly in liquid en-

ironment, which is the ideal condition for bio-inspired research.

 number of biomolecules have been studied. First measurements

ocused on Bovine Serum Albumin (BSA) molecule, for which the

aman limit of detection (LOD) in water has been lowered from

0 −3 M to 5 × 10 −8 M [233] . Another protein, hemoglobin, has

een detected at concentrations as low as 1 pM [232] , well be-

ow the SERS LOD of approximately 100 nM. Results on amino-

cids such as phenylalanine [232] and enzymes such as lysoz-

me [232] and catalase [233] have been also reported [232] . This

olecular detection technique can be also made protein-selective

y functionalising the AuNRs with aptamers, which capture a tar-

et biomolecule. Proof-of-concept results have been obtained with

chratoxin A [233] , a nephrotic mycotoxin which may contaminate

ood commodities and wine representing potential public health

isk. With this methodology, the toxin has been detected in liquid

nvironment at concentrations as low as 1 μM [233] . 

Optical positioning of AuNRs is particularly interesting because

t is a low cost alternative to much more complex litographic tech-

iques. As a further advantage, it allows an easy and fast way to

ecorate with metallic particles also not flat substrates, such as

hree dimensional micro- and nanostructures obtained with direct

aser writing by two-photon photopolymerization (TPP) [234–242] ,

pening the way to the realization of hybrid metal-polymer de-

ices such as, for example, spectroscopic probes and sensors. 
Optical positioning is not limited to plasmonic particles. Optical

orces have been used to manipulate nanosheets [21] of hexagonal

oron nitride (h-BN), molibdenum disulfide (MoS 2 ) and tungsten

isulfide (WS 2 ) obtained by liquid phase exfoliation (LPE). Whereas

he weakly absorbing h-BN can be optically trapped, allowing the

ll-optical measurement of the mean flake size directly in liquid

nvironment, the strongly absorbing MoS 2 and WS 2 nanosheets

annot be confined in the optical trap, due to overwhelming con-

ribution of radiation pressure on gradient force. Thanks to the

onsequent optical pushing effect, these nanosheets can be used,

n association with BSA, to pattern a common microscope slide,

ithout any special surface pre-treatment, in relatively short times

minutes) and directly in liquid environment [21] . Possible applica-

ions concern the realization of nanosheet-based devices of interest

n photonics [243] , optoelectronics [244] , and energy storage [245] ,

r of van der Waals heterostructures [246] in which nanosheets of

ifferent com position can be stacked on top of each other. 

.7. Critical Casimir forces 

The miniaturisation of devices and machines down to the mi-

roscopic and nanoscopic scale involves also forces in a more chal-

enging way. Forces of the order of nano- and piconewton need to

e generated and applied with nanometric precision. This is chal-

enging because of the presence of thermal fluctuations. Thermal

uctuations are often seen as a nuisance making the behaviour of

icro-engines less deterministic and less predictable [201] . How-

ver, under appropriate conditions, fluctuations can produce tun-

ble and localized critical Casimir forces to drive nanomachines. 

Critical Casimir forces are due to the confinement between

ultiple objects of the density fluctuations in a critical solution

lose to its critical temperature. One of the most important and

seful features of these forces is their dependence on tempera-

ure and on the surface properties of the involved objects. Critical

asimir forces were originally predicted in 1978 da Fisher and De

ennes [248] , and they have been measured directly only recently

n 2008 [249] , which spurred a widespread interest in studying

heir properties with experiments [250–252] . 

Optical tweezers represent, again, an important tool for the

easurements and characterisation of critical Casimir forces in

anodevices. Critical fluctuations can be confined by trapped ob-

ects, using HOT, giving rise to critical Casimir forces. Increasing

he temperature of the solution toward the critical point, it is pos-

ible to characterise the temperature dependence of these forces

y the displacement of the confining objects. This displacement

an be quantified by digital video microscopy [110] or by photonic

orce microscopy [111] . Both of these techniques match the spa-

ial and time domains of critical Casimir forces but HOT combined

ith digital video microscopy provides a more flexible investiga-

ion tool. 

Recently, blinking HOT and digital video microscopy have been

mployed to investigate the effects of critical Casimir forces on the

ynamics of a pair of colloidal particles in the absence of optical

otentials and dispersed in the bulk of a water-2.6-lutidine critical

ixture [247,252] . From the measurement of the time dependence

f their center-to-center distance, it was determined the relative

iffusion and drift velocity of the particles, which are in agreement

ith the results of numerical simulations of Brownian dynamics

ased on the critical Casimir forces Fig. 8 [247] . The comparison

ith these simulations allowed to infer the correlation length of

he critical fluctuations, and therefore the intensity of the criti-

al Casimir forces and the distance from the critical temperature,

orming the basis of a protocol for the fine tuning of the critical

asimir force field. This possibility provided new opportunities for

he design and the realisation of self-assembled nano-structures

nd nanodevices. 
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Fig. 7. (a) Sketch of the optical force position and aggregation operation. Nanorods-protein complexes intercepted by a focussed laser beam are optically pushed towards the 

bottom surface of a glass microfluidic chamber. Here they aggregate, yielding efficient SERS-active clusters. Proteins embedded at the clusters hot spots undergo a strong local 

field giving rise to a SERS emission that allows to reach picomolar sensitivity in biomolecular detection. (b) SERS emission of BSA-NRs complexes increasing as a function of 

time during the optical force aggregation process. 

Fig. 8. Effects of critical Casimir forces on the interdistance r ( t ) of a pair of micro particles, diffusing freely in a water-2.6-lutidine solution at different temperatures. (a, b) 

At the temperature T = 33 °C lower than T c ≈ 34 °C, Critical Casimir forces are not affecting (a) the time distribution r(t) and (b) its spatial distribution P(r) which is Gaussian. 

(c, d) Increasing the temperature of the solution to T = 33, 6 °C, critical Casimir forces start to arise affecting (c) r ( t ) and (d) P ( r ), which now presents an incipient peak at 

lower value of r . (e, f) This effect became dominant at the temperature T = 33, 9 °C, very close to T c . Here critical Casimir forces prevent the free diffusion of the particles, 

which are stuck together as showed in panel (e), where all the values of the r ( t ) are confined within a small region resulting from the equilibrium between attractive critical 

Casimir forces and repulsive electrostatic forces. (f) At this temperature also the spatial distribution P ( r ) is strongly affected by critical Casimir forces, presenting a narrow 

and intense peak corresponding to the equilibrium distance between the particle described before. The solid lines in panels (a,c,e) indicate representative experimental 

interparticle trajectories while the background colors represents the probability distribution of 400 different r ( t ), while the dashed horizontal line indicates the interparticle 

distance corresponding to the diameter of the colloids. Solid lines in panels (b,d,f) are the theoretical distribution of r , obtained via Monte Carlo integration (10 6 samples) of 

two optically trapped particles subjected to the theoretical total potential [247] . 
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4.8. Stochastic thermodynamics 

Optical tweezers can be also employed as a very powerful tool

to unveil and characterise the statistical properties of micro- and

nanoscopic systems. Here Brownian noise and large thermal fluc-

tuations play a crucial role by introducing stochasticity [254,255] .

In particular, the dynamics of optically trapped particles results

from the interplay between deterministic optical force fields and
rownian motion, which introduces a well-defined noisy back-

round. Therefore, optically trapped particles can be employed as

robes to investigate statistical physics phenomena, whose dynam-

cs are driven by both random and deterministic forces, ranging

rom biomolecules and nanodevices to financial markets and hu-

an organisations. 

For the last two decades, optical tweezers have contributed

o develop nanothermodynamics, investigating the statical proper-
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Fig. 9. Emergence of crossover from Boltzman to non-Boltzmann spatial distributions for a trapped particle in an active bath. Dots represent the distribution of an optically 

trapped particle, while dashed lines correspond to Gaussian distributions. in the case of not active bath, for increasing values of the stiffness (a) = k = 0 . 42 fN nm 

−1 , (b) = k = 

3 . 6 fN nm 

−1 and (c) = k = 22 fN nm 

−1 , the particle becomes more confined and its spatial distribution remains Gaussian. Vertical lines represent the error on six acquired 

trajectories. When the particle is trapped in an active bath, as the stiffness increases the particle is confined within a length scale comparable to the persistence length in 

the active bath ( L a red bar). In this case the particle distribution deviate from Gaussian and can be fitted with a heavy-tailed q-Gaussian distribution (solid black line) with 

(d) q = 1.013, (e) q = 1.023, and (f) q = 1.142 Panels (d and e). Figure adapted from Argun et al. [253] . (For interpretation of the references to color in this figure legend, the 

reader is referred to the web version of this article.) 
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ies of nanosystems to predict the properties and performance of

anoobjects. For example, using trapped colloidal particles, it has

een demonstrated that the presence of thermal fluctuations al-

ows the violation of the second law of thermodynamics for small

ystems over short time scales, even though the second law still

olds on average [255] . 

One of the biggest advances that can be achieved by applying

tochastic thermodynamics to microscopic systems is the possibil-

ty to recover information about an equilibrium state of the system

rom measurements where the system is off equilibrium instead of

ust averaging the fluctuations out [256] . Stochastic thermodynam-

cs can be successfully applied to different systems, such as living

atters [257,258] . For example, biomolecules are often coupled,

ith active baths, due to molecular motors inside the cytoplasm.

his coupling is thought to lead to anomalous diffusion within the

ytoplasm, a phenomenon that is largely not yet understood [257] .

ecently, the behaviour of an optically trapped particle, immersed

n an active bath, has been investigated by digital video microscopy

o show a transition from Boltzmann to non-Boltzmann statistic

253] (see Fig. 9 ). This transition takes place whenever the charac- 

eristic scale of an optical trap becomes comparable to the charac-

eristic correlation length of the active noise. A consequence of this

ransition is that non-equilibrium relations such as the Jarzynski

quality [259] and Crooks fluctuation theorem [260] cannot be ap-

lied in active baths according to their classical formulation [253] .

lthough this behaviour is unexpected in active system, its inves-

igation is crucial to develop better models for living and far-from-

quilibrium systems. 

.9. Active matter 

Recently, optical tweezers have proved extremely useful for the

haracterisation of active matter systems and the study of the in-
erplay between optical forces and thermophoresis. Active matter

ystems are those systems constituted by natural and artificial ob-

ects capable of self-propulsion [261] . Among this category there

re systems with different size scales, from bacterial colonies to

uman crowds. Thanks to their ability in converting energy to

ropulsion, these systems show behaviours like swarming and the

mergence of other collective properties due to far-from equilib-

ium interactions [262] . This self-propelling behaviour is due to the

nterplay between random fluctuations (responsible for Brownian

otion) and active swimming that drives them into a far-from-

quilibrium state. Although self-propulsion is a well-known fea-

ure in microorganisms to explore environments for nutrients or

o run away from toxic substances [263] , a lot of effort is still put

n the realization of artificial self-propelling nano and microparti-

les. Two typical examples of self-propelling particles are artificial

anus particles and biological bacteria such as Escherichia coli , both

f them well characterised by optical tweezers [264,265] . Further-

ore, optical tweezers can be also employed to synchronize col-

ective behaviour of active particles. In particular, this feature has

een used to realize a self-assembled fluid pump by trapped active

rownian particles [266] . Optical tweezers can be also employed

o perturb the environment of active matter modifying their col-

ective behaviour [267,268] . Recently, it has been proved that the

resence of spatial disorder can switch the behaviour of colloidal

ctive matter from aggregative to dispersive [269] . Colloidal parti-

les at equilibrium are always gathered by any attractive potential,

ut in presence of non-equilibrium driving forces, the particles dis-

erse when spatial disorder is added to the potential. In particular,

t has been shown that disordered optical potentials can alter the

ong-term dynamics of colloidal particles inside an active bacterial

ath changing their collective behaviour from aggregative to dis-

ersive [269] . 



146 P. Polimeno et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 218 (2018) 131–150 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Conclusions 

Optical tweezers are nowadays a key tool for the contact-

less manipulation of a wide variety of samples at the micro and

nanoscale. The modeling of optical tweezers with accurate T-

matrix methods has brought advances in the understanding of ex-

periments on non-spherical particles and the role of shape. Here

we discussed some fundamental aspects of the theory and experi-

mental practice of optical tweezers with a focus on a selection of

applications in biology, spectroscopy, optical positioning, and nan-

othermodynamics. After almost 50 years since the pioneering ex-

periments by Arthur Ashkin on optical forces on microparticles,

this exciting field is still acquiring momentum expanding its treads

to exciting developments from the life sciences [270] , to nano-

engines [271] , and quantum technologies [272] . 
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